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HANKEL OPERATORS INDUCED BY RADIAL BEKOLLE´-BONAMI
WEIGHTS ON BERGMAN SPACES
JOSE´ A´NGEL PELA´EZ, ANTTI PERA¨LA¨, AND JOUNI RA¨TTYA¨
Abstract. We study big Hankel operators Hνf : A
p
ω Ñ L
q
ν generated by radial Bekolle´-
Bonami weights ν, when 1 ă p ď q ă 8. Here the radial weight ω is assumed to satisfy a
two-sided doubling condition, and Apω denotes the corresponding weighted Bergman space. A
characterization for simultaneous boundedness of Hνf and H
ν
f
is provided in terms of a general
weighted mean oscillation. Compared to the case of standard weights that was recently
obtained by Pau, Zhao and Zhu (Indiana Univ. Math. J. 2016), the respective spaces depend
on the weights ω and ν in an essentially stronger sense. This makes our analysis deviate from
the blueprint of this more classical setting. As a consequence of our main result, we also
study the case of anti-analytic symbols.
1. Introduction and main results
Let HpDq denote the space of analytic functions in the unit disc D “ tz P C : |z| ă 1u.
A function ω : D Ñ r0,8q, integrable over the unit disc D, is called a weight. It is radial if
ωpzq “ ωp|z|q for all z P D. For 0 ă p ă 8 and a weight ω, the Lebesgue space Lpω consists of
(equivalence classes of) complex-valued measurable functions f in D such that
}f}Lpω “
ˆż
D
|fpzq|pωpzq dApzq
˙ 1
p
ă 8,
where dApzq “ dx dy{pi denotes the normalized Lebesgue area measure on D. The weighted
Bergman space Apω is the space of analytic functions in L
p
ω. As usual, A
p
α denotes the weighted
Bergman space induced by the standard radial weight pα`1qp1´|z|2qα. If ν is a radial weight
then A2ν is a closed subspace of L
2
ν and the orthogonal projection from L
2
ν to A
2
ν is given by
Pνpfqpzq “
ż
D
fpζqBνz pζqνpζq dApζq, z P D,
where Bνz are the reproducing kernels of A
2
ν ; fpzq “ xf,B
ν
z yA2ν for all z P D and f P A
2
ν .
The study of the boundedness of weighted Bergman projections on Lp-spaces is a compelling
topic that has attracted a considerable amount of attention during the last decades. A well
known result due to Bekolle´ and Bonami [4, 5] describes the weights ω such that the Bergman
projection Pη, induced by the standard weight pη ` 1qp1 ´ |z|
2qη, is bounded on Lqω for 1 ă
q ă 8. We denote this class of weights by Bqpηq, and write Bq “ Yηą´1Bqpηq for short. In
the case of a standard weight, the Bergman reproducing kernels are given by the neat formula
p1´zζq´p2`ηq. However, for a general radial weight ν the Bergman reproducing kernels Bνz may
have zeros [19] and such explicit formulas for the kernels do not necessarily exist. This is one
of the main obstacles in dealing with Pν [9, 17]. Nonetheless, we shall prove in Proposition 6
below that if ν P Bq is radial, then Pν : L
q
ν Ñ L
q
ν is bounded for each 1 ă q ă 8. The
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proof of this relies on accurate estimates for the integral means of Bzν recently obtained in [17,
Theorem 1], and the result itself plays an important role in the proof of the main discovery of
this paper.
All the above makes the class of radial weights in Bq an appropriate framework for the
study of the big Hankel operator
Hνf pgqpzq “ pI ´ Pνqpfgqpzq, f P L
1
ν , z P D,
on weighted Bergman spaces. For an analytic function f , the Hankel operator Hβ
f
, induced
by a standard projection, has been widely studied on Bergman spaces since the pioneering
work of Axler [3], which was later extended in [1]. In the case of a rapidly decreasing weight
ν and f P HpDq, Galanopoulos and Pau [11] did an extensive research on Hν
f
on A2ν ; see [2]
for further results. For general symbols, Zhu [22] was the first to build up a bridge between
Hankel operators and the mean oscillation of the symbols in the Bergman metric, and this
idea has been further developed in several contexts [6, 7, 8, 23]; see [24] and the references
therein for further information on the theory of Hankel operators. More recently, Pau, Zhao
and Zhu [13] described the complex valued symbols f such that the Hankel operators Hβf
and Hβ
f
are simultaneously bounded from Apα to L
q
β, provided 1 ă p ď q ă 8. Our primary
aim is to extend this last-mentioned result to the context of radial Bq-weights. To do this,
some definitions are needed. For a radial weight ω, we assume throughout the paper thatpωpzq “ ş1|z| ωpsq ds ą 0 for all z P D, for otherwise the Bergman space Apω would contain all
analytic functions in D. A radial weight ω belongs to the class pD if there exists a constant
C “ Cpωq ą 1 such that pωprq ď Cpωp1`r
2
q for all 0 ď r ă 1. Moreover, if there exist
K “ Kpωq ą 1 and C “ Cpωq ą 1 such that
pωprq ě Cpωˆ1´ 1´ r
K
˙
, 0 ď r ă 1, (1.1)
then ω P qD. We write D “ pD X qD for short. For basic properties of these classes of weights
and more, see [14, 15] and the references therein. Let βpz, ζq denote the hyperbolic distance
between z, ζ P D, ∆pz, rq the hyperbolic disc of center z and radius r ą 0, and Spzq the
Carleson square associated to z. For 0 ă p, q ă 8 and radial weights ω, ν, define
γpzq “ γω,ν,p,qpzq “
pνpzq 1q p1´ |z|q 1qpωpzq 1p p1´ |z|q 1p , z P D. (1.2)
Further, for f P L1ν,loc, write
pfr,νpzq “ ş∆pz,rq fpζqνpζq dApζqνp∆pz,rqq and
MOν,q,rpfqpzq “
˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ pfr,νpzq|qνpζq dApζq
¸ 1
q
for all z P D. It is worth noticing that for prefixed r ą 0, the quantity νp∆pz, rqq may equal
to zero for some z arbitrarily close to the boundary if ν P pD. However, if ν P D, then there
exists r0 “ r0pνq ą 0 such that νp∆pz, rqq — νpSpzqq ą 0 for all z P D if r ě r0. The space
BMOp∆qω,ν,p,q,r consists of f P L
q
ν,loc such that
}f}BMOp∆qω,ν,p,q,r “ sup
zPD
pMOν,q,rpfqpzqγpzqq ă 8.
We will show that if ν P D, then BMOp∆qω,ν,p,q,r does not depend on r for r ě r0. In this
case, we simply write BMOp∆qω,ν,p,q. The main result of this study reads as follows and it
will be proved in Section 5.
Theorem 1. Let 1 ă p ď q ă 8, ω P D, ν P Bq a radial weight and f P L
q
ν. Then
Hνf ,H
ν
f
: Apω Ñ L
q
ν are bounded if and only if f P BMOp∆qω,ν,p,q.
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The approach employed in the proof of this result follows the guideline of [13, Thorem 4.1],
however a good number of steps cannot be adapted straightforwardly and need substantial
modifications. In Section 2 we prove some results concerning the classes of weights involved in
this work and the boundedness of the Bergman projection Pν , while in Section 3 we introduce
and study two spaces of functions on D. One of them is denoted as BAp∆qω,ν,p,q, and although
its initial definition depends on r, it can be described in terms of an appropriate Berezin
transform or simply observing that f P BAp∆qω,ν,p,q if and only the multiplication operator
Mf pgq “ fg is bounded from A
p
ω to L
q
ν [16]. The second one, denoted by BOp∆qω,ν,p,q, consists
of continuous functions on D such that the oscillation in the Bergman metric is bounded in
terms of the auxiliary function γ given in (1.2). We show that f P BOp∆qω,ν,p,q if and only if
|fpzq ´ fpζq| À }f}BOp∆qω,ν,p,qp1` βpz, ζqqΓτ pz, ζq z, ζ P D,
where
Γτ pz, ζq “
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ τ`1
q pω ´1´ 2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
, z, ζ P D,
for an appropriate (small) constant τ “ τpω, νq ą 0. If ω and ν are standard weights, then
Γτ does not coincide with the function playing the corresponding role in [13, Lemma 3.2]; in
the latter case the function is simpler in many aspects and does not depend on the additional
parameter τ . Then, we show that
BMOp∆qω,ν,p,q “ BAp∆qω,ν,p,q ` BOp∆qω,ν,p,q. (1.3)
In order to prove this decomposition, due to the complex nature of Γτ pz, ζq, we are forced to
split D into several regions depending on z, establish sharp estimates for Γτ pz, ζq in each region
and then apply properties of weights in D. The identity (1.3) together with a description of
the boundedness of the integral operator
Tb,cfpzq “
ż
D
fpζq
p1´ |ζ|2qb
p1´ zζqc
dApζq
and its maximal counterpart from Apω to L
q
ν , see Section 4 below, are key tools to prove that
each f P BMOp∆qω,ν,p,q induces a bounded Hankel operator from A
p
ω to L
q
ν . Theorem 1 will
be proved in Section 5.
Finally, in Section 6, as a byproduct of Theorem 1, we describe the analytic symbols such
that Hf : A
p
ω Ñ L
q
ν is bounded. The space Bdγ consists of f P HpDq such that
}f}Bdγ “ sup
zPD
|f 1pzq|p1 ´ |z|qγpzq ` |fp0q| ă 8,
where γ is given by (1.2).
Theorem 2. Let 1 ă p ď q ă 8, ω P D, ν P Bq a radial weight and f P A
1
ν . Then
Hν
f
: Apω Ñ L
q
ν is bounded if and only if f P Bdγ .
Throughout the paper 1
p
` 1
p1
“ 1 for 1 ă p ă 8. Further, the letter C “ Cp¨q will denote
an absolute constant whose value depends on the parameters indicated in the parenthesis, and
may change from one occurrence to another. We will use the notation a À b if there exists a
constant C “ Cp¨q ą 0 such that a ď Cb, and a Á b is understood in an analogous manner.
In particular, if a À b and a Á b, then we will write a — b.
2. Auxiliary results
For a radial weight ω, K ą 1 and 0 ď r ă 1, let ρrn “ ρ
r
npω,Kq be defined by pωpρrnq “pωprqK´n for all n P N Y t0u. Write ρn “ ρ0n for short. For x ą ´1, write ωx “ ş10 rxωprq dr.
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Denote
ω‹pzq “
ż 1
|z|
log
s
|z|
ωpsqs ds, z P Dzt0u.
Throughout the proofs we will repeatedly use several basic properties of weights in the
classes pD and qD. For a proof of the first lemma, see [14, Lemma 2.1]; the second one can be
proved by similar arguments.
Lemma A. Let ω be a radial weight. Then the following statements are equivalent:
(i) ω P pD;
(ii) There exist C “ Cpωq ą 0 and β “ βpωq ą 0 such that
pωprq ď C ˆ1´ r
1´ t
˙β pωptq, 0 ď r ď t ă 1;
(iii) There exist C “ Cpωq ą 0 and γ “ γpωq ą 0 such thatż t
0
ˆ
1´ t
1´ s
˙γ
ωpsq ds ď Cpωptq, 0 ď t ă 1;
(iv) There exists λ “ λpωq ě 0 such thatż
D
dApzq
|1´ ζz|λ`1
—
pωpζq
p1´ |ζ|qλ
, ζ P D;
(v) There exist K “ Kpωq ą 1 and C “ Cpω,Kq ą 1 such that 1 ´ ρrnpω,Kq ě Cp1 ´
ρrn`1pω,Kqq for some (equivalently for all) 0 ď r ă 1 and for all n P NY t0u.
Lemma B. Let ω be a radial weight. Then ω P qD if and only if there exist C “ Cpωq ą 0
and α “ αpωq ą 0 such that
pωptq ď C ˆ 1´ t
1´ r
˙α pωprq, 0 ď r ď t ă 1.
Two more results on weights of more general nature than Lemmas A and B are also needed.
Lemma 3. Let ω be a radial weight. Then the following statements are equivalent:
(i) ω P pD;
(ii) For some (equivalently for each) ν P D there exists a constant C “ Cpω, νq ą 0 such
that ż 1
r
ωptqpνptqpωptq dt ď Cpνprq, 0 ď r ă 1;
(iii) For some (equivalently for each) ν P D there exists a constant C “ Cpω, νq ą 0 such
that ż r
0
ωptqpωptqpνptq dt ď Cpνprq , 0 ď r ă 1.
Proof. Let first ω P pD and 0 ď r ă 1, and consider ρrn “ ρrnpω,Kq for all n P N Y t0u. Then
Lemma B, applied to ν P D Ă qD, and Lemma A(v), applied to ω, implyż 1
r
ωptqpνptqpωptq dt “
8ÿ
n“0
ż ρrn`1
ρrn
ωptqpνptqpωptq dt ď
8ÿ
n“0
pνpρrnq ż ρrn`1
ρrn
ωptqpωptq dt
À logK
pνpρr0q
p1´ ρr0q
β
8ÿ
n“0
p1´ ρrnq
β
ď pνprq logK 8ÿ
n“0
1
pCβqn
“ pνprq logK Cβ
Cβ ´ 1
, 0 ď r ă 1,
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for a suitably fixed K “ Kpωq ą 1, and thus (ii) is satisfied. Conversely, (ii) implies
Cpνprq ě ż 1
r
ωptqpνptqpωptq dt ě
ż 1`r
2
r
ωptqpνptqpωptq dt ě pν
ˆ
1` r
2
˙
log
pωprqpω `1`r
2
˘ , 0 ď r ă 1,
and since ν P D Ă pD by the hypothesis, we deduce pωprq À pω `1`r
2
˘
for all 0 ď r ă 1. Thus
ω P pD.
Let ω P pD and 0 ď r ă 1, and consider ρn “ ρnpω,Kq for all n P NYt0u. Fix k “ kpω,Kq P
NY t0u such that ρk ď r ă ρk`1. Thenż r
0
ωptqpωptqpνptq dt “
k´1ÿ
n“0
ż ρn`1
ρn
ωptqpωptqpνptq dt`
ż r
ρk
ωptqpωptqpνptq dt, 0 ď r ă 1,
where, by Lemma B, applied to ν P D Ă qD, and Lemma A(v), applied to ω,
k´1ÿ
n“0
ż ρn`1
ρn
ωptqpωptqpνptq dt ď
k´1ÿ
n“0
1pνpρn`1q
ż ρn`1
ρn
ωptqpωptq dt
À
k´1ÿ
n“0
p1´ ρkq
αpνpρkq 1p1´ ρn`1qα log
ˆ pωpρnqpωpρn`1q
˙
ď logK
p1´ ρkq
αpνprq
k´1ÿ
n“0
1
pCαqk´1´np1´ ρkqα
ď
logKpνprq
8ÿ
n“0
1
pCαqn
“
logKpνprq CαCα ´ 1 , k P N,
for some α “ αpνq ą 0 and for a suitably fixed K “ Kpωq ą 1, and similarly,ż r
ρk
ωptqpωptqpνptq dt ď 1pνprq log
ˆpωpρkqpωprq
˙
ď
logKpνprq , k P NY t0u.
The statement (iii) follows from these estimates.
Conversely, by replacing r by 1`r
2
in (iii) we obtain
Cpν `1`r
2
˘ ě ż p1`rq{2
0
ωptqpωptqpνptq dt ě
ż p1`rq{2
r
ωptqpωptqpνptq dt ě 1pνprq log pωprqpω `1`r
2
˘ , 0 ď r ă 1,
and since ν P D Ă pD by the hypothesis, we deduce pωprq À pω `1`r
2
˘
for all 0 ď r ă 1. Thus
ω P pD. 
Lemma 4. Let ω, ν P D, and denote σ “ σω,ν “ ωpν{pω. Then pσ — pν on r0, 1q, and hence
σ P D.
Proof. Lemma 3(ii) implies pσ À pν on r0, 1q. The argument used to prove (i)ñ(ii) in the said
lemma shows that pσ Á pν on r0, 1q, provided ω P qD and ν P D. Thus pσ — pν, and σ P D by
Lemmas A(ii) and B. 
The next lemma says that in many instances concerning Ap-norms we may replace ω byrω “ pω{p1 ´ | ¨ |q if ω P D. This result has the flavor of radial Carleson measures and indeed
can be established by appealing to the characterization of Carleson measures for the Bergman
space Apω induced by ω P pD given in [16]. That approach requires showing that the involved
weights belong to pD, which is of course the case, and thus involves more calculations than the
simple proof given below.
Lemma 5. Let 0 ă p ă 8, ω P D and ´α ă κ ă 8, where α “ αpωq ą 0 is that of Lemma B.
Then ż
D
|fpzq|pp1´ |z|qκωpzq dApzq —
ż
D
|fpzq|pp1´ |z|qκ´1pωpzq dApzq, f P HpDq. (2.1)
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Proof. The function p1 ´ | ¨ |qκ´1pω is a weight for each κ ą ´α by Lemma B. Therefore an
integration by parts shows that (2.1) is equivalent toż 1
0
B
Br
Mpp pr, fq
ˆż 1
r
p1´ tqκωptq dt
˙
dr —
ż 1
0
B
Br
Mpp pr, fq
ˆż 1
r
p1´ tqκ´1pωptq dt˙ dr.
Another integration by parts reveals that both integrals from r to 1 above are bounded by a
constant times pωprqp1´ rqκ. But Lemma A(ii) impliesż 1
r
p1´ tqκ´1pωptq dt Á pωprq
p1´ rqβpωq
ż 1
r
p1´ tqκ´1`βpωq dt — pωprqp1´ rqκ, 0 ď r ă 1,
and ż 1
r
p1´ tqκωptq dt Á
pωprq
p1´ rqβpωq
ż 1
r
ωptqp1´ tqκ`βpωqpωptq dt — pωprqp1´ rqκ, 0 ď r ă 1,
by Lemma 4. The assertion follows. 
The last auxiliary results shows that each radial weight in the Bekolle´-Bonami class Bq
belongs to D, and for each ν P D the maximal Bergman projection
P`ν pfqpzq “
ż
D
fpζq|Bνz pζq|νpζq dApζq, z P D,
is bounded on Lqν . It is worth noticing that obviously D Ć Y1ăqă8Bq because ν P D may
vanish on a set of positive measure.
Proposition 6. Let 1 ă q ă 8 and ν P Bq a radial weight. Then ν P D. Moreover,
P`ν : L
q
ν Ñ L
q
ν is bounded for all ν P D.
Proof. If ν P Bq, then by [5] there exists β ą ´1 such that
˜ż
Spaq
νpzq dApzq
¸ 1
q
¨˝ż
Spaq
ˆ
p1´ |z|qβ
νpzq
˙ q1
q
p1´ |z|qβ dApzq‚˛
1
q1
À p1´ |a|qp2`βq, a P D.
Since ν is radial, this condition easily implies ν P D.
Let now 1 ă q ă 8 and ν P D, and define h “ pν´ 1qq1 . Then ş1
t
hpsqq
1
νpsq ds — pνptq 1q1 for all
0 ď t ă 1. Therefore Lemma B yieldsż r
0
ş1
t
hpsqq
1
νpsq dspνptqp1 ´ tq dt —
ż r
0
dtpνptq 1q p1´ tq À 1pνprq 1q “ hq1prq, 0 ď r ă 1. (2.2)
Moreover, by symmetry, (2.2) with q1 in place of q is satisfied. Since ν P pD, we may apply [17,
Theorem 1] and (2.2) to deduceż
D
|Bνz pζq|h
p1pζqνpζq dApζq À hp
1
pzq, z P D,
and ż
D
|Bνz pζq|h
ppzqνpzq dApzq À hppζq, ζ P D.
It follows from Schur’s test [24, Theorem 3.6] that the maximal Bergman projection P`ν :
L
p
ν Ñ L
p
ν is bounded. 
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3. Some spaces of functions
Recall that
γpzq “ γω,ν,p,qpzq “
pνpzq 1q p1´ |z|q 1qpωpzq 1p p1´ |z|q 1p , z P D, (3.1)
and pfr,νpzq “ ş∆pz,rq fpζqνpζq dApζqνp∆pz,rqq for f P L1ν,loc, and
MOν,q,rpfqpzq “
˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ pfr,νpzq|qνpζq dApζq¸
1
q
for all z P D. If ν P qD, then by the definition there exists K “ Kpνq ą 1 and C “ Cpνq ą 1
such that ż 1´ 1´r
K
r
νpsq ds ě pC ´ 1qpν ˆ1´ 1´ r
K
˙
ą 0, 0 ď r ă 1.
It follows that there exists rν P p0,8q such that νp∆pz, rqq ą 0 for all z P D if r ě rν .
The space BMOp∆q “ BMOp∆qω,ν,p,q,r consists of f P L
q
ν,loc such that
}f}BMOp∆q “ sup
zPD
pMOν,q,rpfqpzqγpzqq ă 8.
The following lemma is easy to establish; see [13, Lemma 3.1] for a similar result.
Lemma 7. Let 1 ď p, q ă 8, ω a radial weight, ν P qD and rν ď r ă 8. Then
MOν,q,rpfqpzq ď 2
˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ λ|qνpζq dApζq
¸ 1
q
, z P D, λ P C, f P Lqν ,
and therefore f P Lqν belongs to BMOp∆q if and only if for each z P D there exists λz P C such
that
sup
zPD
˜
γpzqq
νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ λz|
qνpζq dApζq
¸
ă 8.
For 0 ă p, q ă 8, 0 ď τ ă 8 and radial weights ω, ν, let
Γτ pz, ζq “
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ τ`1
q pω ´1´ 2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
, z, ζ P D, (3.2)
with the understanding that pωptq “ pωp0q when t ă 0. The following lemma explains the
behavior of Γτ near the diagonal.
Lemma 8. Let 0 ă p, q, r ă 8, 0 ď τ ă 8 and ω, ν P pD. Then
Γτ pz, ζq — γpzq
´1 — γpζq´1, βpz, ζq ď r.
Proof. Clearly
|1´ zζ| — 1´ |z| — 1´ |ζ|, βpz, ζq ď r,
and hence there exist 0 ă mr ă 1 ăMr ă 8 such that
mrp1´ |z|q ď
2|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
ďMrp1´ |z|q, βpz, ζq ď r.
Since ω P pD by the hypothesis, and pωptq “ pωp0q for t ă 0, Lemma A(ii) implies
pωpzq ď C
m
β
r
pωp1´mrp1´ |z|qq ď C
m
β
r
pωˆ1´ 2|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙
, βpz, ζq ď r,
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and
pωˆ1´ 2|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙
ď CMβr pωp1´Mrp1´ |z|qq ď CMβr pωpzq, βpz, ζq ď r,
for some C “ Cpωq ą 0 and β “ βpωq ą 0. Further, pνpzq — pνpζq and pωpzq — pωpζq if βpz, ζq ď r
by Lemma A(ii). The assertion follows from these estimates. 
For continuous f : DÑ C and 0 ă r ă 8, define
Ωrfpzq “ supt|fpzq ´ fpζq| : βpz, ζq ă ru, z P D,
and let BOp∆q “ BOp∆qω,ν,p,q,r denote the space of those f such that
}f}BOp∆q “ sup
zPD
pΩrfpzqγpzqq ă 8.
Lemma 9 shows that the space BOp∆q “ BOp∆qω,ν,p,q,r is independent of r.
Lemma 9. Let 0 ă p ď q ă 8, 0 ă r ă 8, ω, ν P qD and γpzq “ γω,ν,p,qpzq “ pνpzq 1q p1´|z|q 1qpωpzq 1p p1´|z|q 1p .
Let f : D Ñ C be continuous, and 0 ă τ ă mintqαpωq{p, αpνqu, where αpνq and αpωq are
those from Lemma B. Then the following statements are equivalent:
(i) f P BOp∆q;
(ii) |fpzq ´ fpζq| À }f}BOp∆qp1` βpz, ζqqΓτ pz, ζq for all z, ζ P D.
Proof. Lemma 8 shows that (ii) implies (i). For the converse, assume (i), that is,
|fpzq ´ fpζq|γpzq ď }f}BOp∆q, βpz, ζq ă r. (3.3)
The estimate (ii) for βpz, ζq ď r then follows from Lemma 8. If βpz, ζq ą r, let N “ maxtn P
N : n ď βpz, ζq{r ` 1u, and pick up N ` 1 points from the geodesic joining z and ζ such
that βpzj , zj`1q “ βpz, ζq{N ă r for all j “ 0, . . . , N ´ 1. Then, as the hyperbolic distance is
additive along geodesics, (3.3) yields
|fpzq ´ fpζq| ď
N´1ÿ
j“0
|fpzjq ´ fpzj`1q| ď }f}BOp∆q
N´1ÿ
j“0
pωpzjqpνpzjq p1´ |zj |q 1p´ 1q .
Next, observe that
1´ |zj | ď
2|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
, j “ 0, . . . , N ; (3.4)
see the proof of [13, Lemma 3.2] for details. This together with the inequality 1
p
´ 1
q
ě 0 gives
|fpzq ´ fpζq| ď }f}BOp∆q
ˆ
2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙ 1
p
´ 1
q
N´1ÿ
j“0
pωpzjq 1ppνpzjq 1q
“ }f}BOp∆q
ˆ
2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙ 1
p
´ 1
q
N´1ÿ
j“0
pωpzjq 1p
p1´ |zj |q
τ
q
p1´ |zj |q
τ
q
pνpzjq 1q .
The election of τ together with Lemma B shows that the functions pωprq{p1´rq pτq and pνprq{p1´
rqτ are essentially decreasing on r0, 1q. Therefore the inequalities (3.4) and |zj | ď maxt|z|, |ζ|u
yield
|fpzq ´ fpζq| À }f}BOp∆q
ˆ
2|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙ 1
p
´ τ`1
q
¨ pωˆ1´ 2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙ 1
p
N´1ÿ
j“0
p1´ |zj |q
τ
q
pνpzjq 1q
À }f}BOp∆qΓτ pz, ζqN À }f}BOp∆qp1` βpz, ζqqΓτ pz, ζq, βpz, ζq ą r.
Therefore (ii) is satisfied. 
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For 0 ă p, q ă 8, 0 ă r ă 8 and radial weights ω, ν, the space BAp∆q “ BAp∆qω,ν,p,q,r
consists of f P Lqν,loc such that
}f}BAp∆q “ sup
zPD
¨˝˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq|qνpζq dApζq
¸ 1
q
γpzq‚˛ă 8.
For c, σ P R and a radial weight ν, the general Berezin transform of ϕ P L1
νp1´|¨|qσ is defined
by
Bpϕqpzq “ Bν,c,σpϕqpzq “
p1´ |z|2qc`1pνpzq
ż
D
ϕpζq
p1´ |ζ|2qσ
|1 ´ zζ|2`c`σ
νpζq dApζq, z P D.
The next lemma shows, in particular, that the space BAp∆q “ BAp∆qω,ν,p,q,r is independent
of r as long as r is sufficiently large depending on ν P D.
Lemma 10. Let 0 ă p ď q ă 8, 0 ă r ă 8 and ω, ν P D, γpzq “ γω,ν,p,qpzq “
pνpzq 1q p1´|z|q 1qpωpzq 1p p1´|z|q 1p .
If f P Lqν, then the following statements are equivalent:
(i) There exists r0 “ r0pνq ą 0 such that f P BAp∆q “ BAp∆qω,ν,p,q,r for all r ě r0;
(ii) |f |qνdA is a q-Carleson measure for Apω;
(iii) The identity operator Id : Apω Ñ L
q
|f |qν is bounded;
(iv) The multiplication operator Mf pgq “ fg is bounded from A
p
ω to L
q
ν;
(v) supzPD γpzq
qBp|f |qqpzq ă 8 for all σ ą 1´ q
p
p1`αq and c ą maxt´1´σ, q
p
p1`βq´2u,
where α “ αpωq ą 0 and β “ βpωq ą 0 are those of Lemmas A(ii) and B.
Proof. It is obvious that (ii), (iii) and (iv) are equivalent by the definitions. Assume (ii) is
satisfied, that is, ˆż
D
|gpζq|q |fpζq|qνpζq dApζq
˙ 1
q
À }g}Apω , g P A
p
ω. (3.5)
For z P D, let gzpζq “
´
1´|z|
1´zζ
¯λ`1
p
, where λ “ λpωq ą 0 is that of Lemma A(iv). Further, since
ν P qD by the hypothesis, there exists rν P p0,8q such that νp∆pz, rqq ą 0 for all r ě rν . For
g “ gz and r ě rν , (3.5) yields˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq|qνpζq dApζq
¸ 1
q
À
}gz}Apω
νp∆pz, rqq
1
q
À
ppωpzqp1 ´ |z|qq 1p
νp∆pz, rqq
1
q
, z P D.
But since ν P D, applications of Lemmas A(ii) and B show that
νp∆pz, rqq — pνpzqp1 ´ |z|q, z P D, (3.6)
if r is sufficiently large. It follows that f P BAp∆q “ BAp∆qω,ν,p,q,r for all such r, and thus (i)
is satisfied.
Conversely, if (i) is satisfied, then by using (3.6) we deduce˜ż
∆pz,rq
|fpζq|qνpζq dApζq
¸ 1
q
À pωpzq 1p p1´ |z|q 1p , z P D.
Therefore |f |qνdA is a q-Carleson measure for Apω by [18, Theorem 3].
By integrating only over ∆pz, rq in (v) and using (3.6) we obtain (i) from (v). To complete
the proof of the lemma, it remains to show the converse implication. To do this, pick up a
sequence taju and 0 ă r ă 8 in accordance with [24, Lemma 4.7], and observe that pω is
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essentially constant in each hyperbolically bounded region by Lemma A(ii). Then by using
(3.6), the hypothesis (i), the election of c and σ, and finally Lemmas A(ii) and B, we deducepνpzqBp|f |qqpzq
p1´ |z|2qc`1
À
8ÿ
j“1
ż
∆paj ,rq
|fpζq|q
p1´ |ζ|2qσ
|1´ zζ|2`c`σ
νpζq dApζq
À
8ÿ
j“1
p1´ |aj|
2qσ
|1´ zaj |2`c`σ
ż
∆paj ,rq
|fpζq|qνpζq dApζq
À
8ÿ
j“1
p1´ |aj |
2qσ`1pνpajq
|1´ zaj |2`c`σνp∆paj , rqq
ż
∆paj ,rq
|fpζq|qνpζqdApζq
À
8ÿ
i“1
p1´ |ai|
2qσ`1pνpaiq
|1´ zai|2`c`σγpaiqq
—
8ÿ
j“1
p1´ |aj |
2q
σ` q
p pωpajq qp
|1´ zaj |2`c`σ
À
ż
D
p1´ |u|2qσ`
q
p
´2pωpuq qp
|1´ zu|2`c`σ
dApuq
À
ż |z|
0
pωptq qp
p1´ tqc`3´
q
p
dt`
1
p1´ |z|qc`σ`1
ż 1
|z|
p1´ tq
σ` q
p
´2pωptq qp dt
À
pωp|z|q qp
p1´ |z|qc`2´
q
p
—
pνpzq
p1´ |z|2qc`1γpzqq
, z P D,
and thus (v) is satisfied. 
With these preparations we are ready to show that BMOp∆q “ BAp∆q ` BOp∆q. This
follows from the case (ii) of the next theorem.
Theorem 11. Let 1 ď p ď q ă 8, ω, ν P D, γpzq “ γω,ν,p,qpzq “
pνpzq 1q p1´|z|q 1qpωpzq 1p p1´|z|q 1p and f P Lqν.
Further, let r ě rν, σ ą 0 and
c ą 2
q
p
pβpωq ` 1q ` σ `max t2βpνq, γpνqu ,
where βpωq, βpνq, γpνq ą 0 are associated to ν and ω via Lemma A(ii)(iii). Then the following
statements are equivalent:
(i) There exists r0 “ r0pνq ě rν such that f P BMOp∆q “ BMOp∆qω,ν,p,q,r for all r ě r0;
(ii) f “ f1 ` f2, where f1 P BAp∆q and f2 “ pfr,ν P BOp∆q;
(iii) sup
zPD
´
Bp|f ´ pfr,νpzq|qqγpzqq¯ ă 8;
(iv) For each z P D there exists λz P C such that sup
zPD
pBp|f ´ λz|
qqγpzqqq ă 8.
Proof. Obviously, (iii) implies (iv). Next assume (iv). The relation (3.6) shows that there
exists r0 “ r0pνq ą 0 such that
1
ν p∆pz, rqq
ż
∆pz,rq
|fpζq ´ λz|
qνpζq dApζq
À
p1´ |z|qc`1pνpzq
ż
D
|fpζq ´ λz|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq, z P D, r0 ď r ă 8,
which together with Lemma 7 shows that (i) is satisfied.
Assume now (i), and let f2 “ pfr,ν. Since f P Lqν , q ě 1 and r ě rν , the function f2 is
well defined and continuous. Since ω, ν P D by the hypothesis, one may use Lemmas A(ii)
and B together with the argument in [13, 1651-1652] with minor modifications to show that
f2 “ pfr,ν P BOp∆q and f1 “ f ´ pfr,ν P BAp∆q. Thus (ii) is satisfied.
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To complete the proof it suffices to show that (ii) implies (iii), so assume f “ f1`f2, where
f1 P BAp∆q and f2 “ pfr,ν P BOp∆q. Since pfr,ν “ pf1r,ν` pf2r,ν , it suffices to prove the condition
in (iii) for f1 and f2 separately. First observe that by Lemma A(iii) the constant function 1
satisfies
Bp1qpzq À
p1´ |z|qc`1pνpzq
˜ż |z|
0
νptq
p1´ tq1`c
dt`
1
p1´ |z|q1`c`σ
ż 1
|z|
p1´ tqσνptq dt
¸
À 1, z P D,
because c ą maxtγpνq, σu ´ 1 by the hypothesis. This together with Ho¨lder’s inequality and
Lemma 10 yields
B
´ˇˇˇ
f1 ´ pf1r,νpzqˇˇˇq¯ γpzqq À ´Bp|f1|qqpzq ` | pf1r,νpzq|q¯ γpzqq
ď
´
Bp|f1|
qqpzq `z|f1|qr,νpzq¯ γpzqq À 1, z P D,
and thus (iii) for f1 P BAp∆q is satisfied.
To deal with f2 P BOp∆q, pick up τ satisfying the hypothesis of Lemma 9. Then
|f2pζq ´ pf2r,νpzq| “
ˇˇˇˇ
ˇ 1νp∆pz, rq
ż
∆pz,rq
pf2pζq ´ f2puqqνpuq dApuq
ˇˇˇˇ
ˇ
ď
1
νp∆pz, rq
ż
∆pz,rq
|f2pζq ´ f2puq|νpuq dApuq
À
1
νp∆pz, rq
ż
∆pz,rq
p1` βpζ, uqqΓτ pζ, uqνpuq dApuq
À p1` βpz, ζqqΓτ pz, ζq, z, ζ P D,
because Γτ pζ, uq — Γτ pz, ζq for all u P ∆pz, rq by Lemma A(ii); see the proof of Lemma 8 for
similar estimates. Hence it suffices to show that
p1´ |z|qc`1γpzqqpνpzq
ż
D
|p1` βpz, ζqqΓτ pz, ζq|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq À 1, z P D, (3.7)
to obtain (iii) for f2 P BOp∆q. The proof of (3.7) is involved and will be divided into four
separate cases. Before dealing with each case, we observe that since βpz, ζq grows logarithmi-
cally, we may pick up 0 ă δ ă min
!
σ, q
p
βpωq ` βpνq ` σ
2
)
and a constant C “ Cpδq ą 0 such
that
1` βpz, ζq ď C |p1´ |ϕzpζq|q
´ δ
q “ C
ˆ
|1´ zζ|2
p1´ |z|qp1 ´ |ζ|q
˙ δ
q
, z, ζ P D. (3.8)
Case 1. If
ζ P D1pzq “
"
w P D : 1´
2|1´ zw|2
1´ |z|2
ď 0
*
,
then 1´ |z| À |1´ zζ|2 and
Γτ pz, ζq
q ď
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ q
p
´τ´1
min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) pωp0q qp À ˆ |1´ zζ|2
1´ |z|2
˙ q
p
´τ´1
p1´ |z|qτpνpzq χDp0,|z|qpζq
`
ˆ
|1´ zζ|2
1´ |z|2
˙ q
p
´τ´1
p1´ |ζ|qτpνpζq χDzDp0,|z|qpζq, z P D, ζ P D1pzq,
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because of how τ is chosen in Lemma 9. Therefore (3.8) together with Lemmas A(ii) and 3(ii)
yields
p1´ |z|qc`1γpzqqpνpzq
ż
D1pzq
|p1` βpz, ζqqΓτ pz, ζq|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq
À
p1´ |z|qc`2`2τ´δ´
q
pγpzqqpνpzq2
ż
D1pzqXDp0,|z|q
p1´ |ζ|2qσ´δ
|1´ zζ|
4`c`σ´2
´
q
p
`δ´τ
¯ νpζq dApζq
`
p1´ |z|q
c`2`τ´δ´ q
pγpzqqpνpzq
ż
D1pzqzDp0,|z|q
p1´ |ζ|2qσ´δ`τ
pνpζq|1´ zζ|4`c`σ´2´ qp`δ´τ¯ νpζq dApζq
À
p1´ |z|q
c
2
`τ´σ
2 γpzqqpνpzq2
ż |z|
0
p1´ sqσ´δνpsq ds
`
p1´ |z|q
c
2
´σ
2 γpzqqpνpzq
ż 1
|z|
p1´ sqσ´δ`τ
νpsqpνpsq ds
À
p1´ |z|q
c
2
`τ´σ
2
`1´ q
ppνpzqpωpzq qp ` p1´ |z|q
c
2
`σ
2
`1`τ´δ´ q
ppωpzq qp
À p1´ |z|q
c
2
`τ´σ
2
`1´ q
p
´βpνq´ q
p
βpωq À 1, z P D,
where the last estimate is an immediate consequence of the choices of c and δ.
Case 2. If
ζ P D2pzq “
"
w P D : 1´
2|1´ zw|2
1´ |z|2
ě |z| ě |w|
*
,
then |1´zζ | — 1´|z|2 ď 1´|ζ|2, which together the fact that pνptqp1´tqτ and pωprq
p1´rq
τ
p
q
are essentially
decreasing on r0, 1q gives
Γτ pz, ζq
q À γpzq´q, z P D, ζ P D2pzq.
Therefore (3.8) and Lemma A(iii) yield
p1´ |z|qc`1γpzqqpνpzq
ż
D2pzq
|p1` βpz, ζqqΓτ pz, ζq|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq
À
p1´ |z|qc`1´δpνpzq
ż
D2pzq
p1´ |ζ|2qσ´δ
|1´ zζ|2`c`σ´2δ
νpζq dApζq
À
p1´ |z|qc`1´δpνpzq
ż |z|
0
νprq
p1´ rqc`1´δ
dr À 1, z P D.
Case 3. If
ζ P D3pzq “
"
w P D : min
"
1´
2|1 ´ zw|2
1´ |z|2
, |w|
*
ě |z|
*
,
then |1´zζ | — 1´|z|2 ě 1´|ζ|2, which together the fact that pνptqp1´tqτ and pωprq
p1´rq
τ
p
q
are essentially
decreasing on r0, 1q implies
Γτ pz, ζq
q À
pωpzq qp p1´ |z|q qp´1pνpζq , z P D, ζ P D3pzq.
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Therefore (3.8) and Lemma 3(ii) implies
p1´ |z|qc`1γpzqqpνpzq
ż
D3pzq
|p1` βpz, ζqqΓτ pz, ζq|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq
À p1´ |z|qc`1´δ
ż
D3pzq
p1´ |ζ|2qσ´δ
|1´ zζ|2`c`σ´2δ
νpζqpνpζqdApζq
À p1´ |z|qδ´σ
ż 1
|z|
p1´ sqσ´δνpsqpνpsq ds À 1, z P D.
Case 4. If
ζ P D4pzq “
"
w P D : 1´
2|1 ´ zw|2
1´ |z|2
ă |z|
*
,
then Lemma A(ii) gives
pωˆ1´ 2|1 ´ zζ|2
1´ |z|2
˙
À
ˆ
|1´ zζ|
1´ |z|
˙2βpωq pωpzq, z P D, ζ P D4pzq,
and hence
Γτ pz, ζq
q À
ˆ
|1´ zζ|
1´ |z|
˙2βpωq q
p pωpzq qp˜ˆ |1´ zζ|2
1´ |ζ|
˙ q
p
´τ´1
p1´ |z|qτpνpzq χDp0,|z|qpζq
`
ˆ
|1´ zζ|2
1´ |z|
˙ q
p
´τ´1
p1´ |ζ|qτpνpζq χDzDp0,|z|qpζq
¸
, z P D, ζ P D4pzq.
Hence (3.8) and Lemmas A(iii) and 3(ii) yield
p1´ |z|qc`1γpzqqpνpzq
ż
D4pzq
|p1` βpz, ζqqΓτ pz, ζq|
q p1´ |ζ|
2qσ
|1´ zζ|2`c`σ
νpζq dApζq
À
p1´ |z|qc`2´δ´
q
p
´2βpωq q
p
`τpνpzq
ż
D4pzqXDp0,|z|q
p1´ |ζ|2qσ´δ´
q
p
`τ`1
|1´ zζ|
4`c`σ´2δ´2βpωq q
p
´2 q
p
`2τ
νpζq dApζq
` p1´ |z|qc`2´δ´
q
p
´2βpωq q
p
´ q
p
`τ`1
ż
D4pzqzDp0,|z|q
p1´ |ζ|qσ´δ`τ
|1´ zζ|
4`c`σ´2δ´2βpωq q
p
´2 q
p
`2τ
νpζqpνpζq dApζq
À
p1´ |z|q
c`2´δ´ q
p
´2βpωq q
p
`τpνpzq
ż |z|
0
νprq
p1´ rq
2`c´δ´2βpωq q
p
´ q
p
`τ
dr
`
1
p1´ |z|qσ´δ`τ
ż 1
|z|
p1´ rqσ´δ`τνprqpνprq dr À 1, z P D.
Since D “ Y4j“1Djpzq for each z P D, by combining the four cases we obtain (3.7). Thus (ii)
implies (iii), and the proof is complete. 
4. Boundedness of integral operators
In order to deal with the boundedness of Hankel operators, we need a technical result
concerning certain integral operators. For f P L1b and b, c P R, define
Tb,cpfqpzq “
ż
D
fpζq
p1´ |ζ|2qb
p1´ zζqc
dApζq, z P D,
and
Sb,cpfqpzq “
ż
D
fpζq
p1´ |ζ|2qb
|1´ zζ|c
dApζq, z P D.
In the analytic case the operator Tb,c can be interpreted as a fractional differentiation or
integration depending on the parameters b and c [21]. The boundedness of these operator
between Lp spaces induced by standard weights has been characterized in [20].
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Lemma A(ii) shows that for η P pD there exists a constant c0 “ c0pσq ą 1 such that
hypotheses (i) and (ii) of the next lemma are satisfied for all c ě c0.
Lemma 12. Let 1 ă p ď q ă 8, b ą ´1, c ą 1 and σ, η P D such that
(i)
ż 1
r
p1´ tqc´2pηptq 1q dt À p1´ rq
c´1
pηprq 1q , 0 ď r ă 1;
(ii)
ż r
0
ηptq
p1´ tq
cq
p
´1pηptq 1p1 dt À pηprq
1
p
p1´ rq
cq
p
´1
, 0 ď r ă 1.
Then the following statements are equivalent:
(1) Sb,c : A
p
σ Ñ L
q
η is bounded;
(2) Tb,c : A
p
σ Ñ L
q
η is bounded;
(3) sup
0ără1
p1´ rq
2`b´c` 1
q
´ 1
p
pηprq 1qpσprq 1p ă 8.
Proof. Obviously (1) implies (2). Assume now (2), and for each ζ P D and N P N, define fζ,N P
H8 by fζ,Npzq “
zN
σpSpζqq
1
p
´
1´|ζ|2
1´ζz
¯2`b`N
for all z P D. By differentiating the reproducing
formula of A2b we obtain
gpNqpzq “M1
ż
D
uNgpuqp1 ´ |u|2qb
p1´ uzq2`b`N
dApuq, z P D, N P N, g P A2b , (4.1)
where M1 “M1pN, bq ą 0 is a constant. Therefore
Tb,cpfζ,N qpzq “
p1´ |ζ|2q2`b`N
σpSpζqq
1
p
ż
D
uN p1´ |u|2qb
p1´ uζq2`b`N p1´ uzqc
dApuq
“
p1´ |ζ|2q2`b`N
σpSpζqq
1
p
ż
D
uN p1´ |u|2qb
p1´ ζuq2`b`N p1´ zuqc
dApuq
“M2
p1´ |ζ|2q2`b`N
σpSpζqq
1
p
zN
p1´ zζqc`N
,
where M2 “ M2pb, c,Nq ą 0. Fix N ą max
!
λpηq`1
q
´ c, λpσq`1
p
´ b´ 2
)
. Then Lemma A(iv)
gives }fζ,N}Lpσ — 1 andż
D
ηpzq
|1´ ζz|pc`Nqq
dApzq —
ηpSpζqq
p1´ |ζ|qpc`Nqq
, ζ P D.
Therefore (2) yields
8 ą }fζ,N}
q
L
p
σ
Á }Tb,cpfζ,Nq}
q
L
q
η
—
˜
p1´ |ζ|2q2`b`N
σpSpζqq
1
p
¸q ż
D
ηpzq
|1´ ζz|pc`Nqq
dApzq
— p1´ |ζ|2qqp2`b´cq
ηpSpζqq
σpSpζqq
q
p
, ζ P D,
thus (3) holds.
Assume (3) holds and let hpζq “ pσpζq 1pp1 p1 ´ |ζ|2q bp`´ 1p´ 1q¯ 1p1 for all ζ P D. Then Ho¨lder’s
inequality yields
|Sb,cfpzq| ď
ˆż
D
|fpζq|phpζqp
dApζq
|1´ zζ|c
˙ 1
p
˜ż
D
ˆ
p1´ |ζ|2qb
hpζq
˙p1
dApζq
|1´ zζ|c
¸ 1
p1
“ I1pzq
1
p ¨ I2pzq
1
p1 ,
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where
I2pzq “
ż
D
p1´ |ζ|2q
b´ 1
p
` 1
q
|1´ zζ|cpσpζq 1p dApζq —
ż 1
0
p1´ rq
b´ 1
p
` 1
q
pσprq 1p p1´ r|z|qc´1 dr
“
ż |z|
0
p1´ rq
b´ 1
p
` 1
q
pσprq 1p p1´ r|z|qc´1 dr `
ż 1
|z|
p1´ rq
b´ 1
p
` 1
q
pσprq 1p p1´ r|z|qc´1 dr “ J |z| ` J|z|.
Lemma B together with the assumption (3) yields
J |z| ď
ż |z|
0
p1´ rq
b´ 1
p
` 1
q
`1´c
pσprq 1p dr À
ż |z|
0
drpηprq 1q p1´ rq À 1pηpzq 1q , z P D,
since η P D Ă qD by the hypothesis. In a similar fashion, (3) together with the hypothesis (i)
gives
J|z| ď
1
p1´ |z|qc´1
ż 1
|z|
p1´ rq
b´ 1
p
` 1
q
pσprq 1p dr À 1p1´ |z|qc´1
ż 1
|z|
p1´ rqc´2pηprq 1q dr À 1pηpzq 1q , z P D,
and hence I2pzq À pηpzq´ 1q for all z P D. This estimate and Minkowski’s integral inequality
(Fubini’s theorem in the case q “ p) now yield
}Sb,cpfq}
p
L
q
η
À
˜ż
D
ˆż
D
|fpζq|phpζqp
dApζq
|1´ zζ|c
˙ q
p ηpzqpηpzq 1p1 dApzq
¸ p
q
ď
ż
D
|fpζq|prσpζqI3pζq dApζq,
where
I3pζq “
hpζqprσpζq
˜ż
D
ηpzqdApzq
|1´ zζ|
cq
p pηpzq 1p1
¸ p
q
—
hpζqprσpζq
˜ż 1
0
ηprq
p1´ r|ζ|q
cq
p
´1pηprq 1p1 dr
¸ p
q
.
Since ż |ζ|
0
ηprq
p1´ r|ζ|q
cq
p
´1pηprq1{p1 dr ď
ż |ζ|
0
ηprq
p1´ rq
cq
p
´1pηprq 1p1 dr À pηpζq
1
p
p1´ |ζ|q
cq
p
´1
, ζ P D,
by the hypothesis (ii), andż 1
|ζ|
ηprq
p1´ r|ζ|q
cq
p
´1pηprq 1p1 dr ď 1p1´ |ζ|q cqp ´1
ż 1
|ζ|
ηprqpηprq 1p1 dr — pηpζq
1
p
p1´ |ζ|q
cq
p
´1
, ζ P D,
we deduce
I3pζq À p1´ |ζ|q
2`b´c` 1
q
´ 1
p
pηpζq 1qpσpζq 1p À 1, ζ P D,
by the assumption (3). It follows that }Sb,cpfq}Lqη À }f}Aprσ . This finishes the proof because
}f}Aprσ — }f}Apσ for all f P HpDq by Lemma 5 provided σ P D. 
5. Proof of Theorem 1
In order to prove the sufficiency part of Theorem 1 we shall use the next result which follows
from the argument used in the proof of [13, Lemma 4.5].
Lemma 13. Let 1 ă q ă 8 and ν, ω weights such that Pω : L
q
ν Ñ L
q
ν is bounded. Then
}Hνf pgq}
q
L
q
ν
ď p1` }Pω}LqνÑLqν q}H
ω
f pgq}
q
L
q
ν
, f P Lqν , g P H
8.
Proposition 14. Let 1 ă p ď q ă 8, ν P Bq a radial weight and ω P D. If f P BOp∆q, then
Hνf : A
p
ω Ñ L
q
ν is bounded.
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Proof. By [5] there exists a constant s0 “ s0pνq ą ´1 such that Ps : L
q
ν Ñ L
q
ν is bounded for
each s ą s0. Let 0 ă τ ă mintqαpωq{p, αpνqu, where αpνq and αpωq are those from Lemma B.
Then Lemmas 9 and 13 yield
}Hνf pgq}
q
L
q
ν
À }Hsf pgq}
q
L
q
ν
ď
ż
D
ˆż
D
|fpzq ´ fpζq||gpζq|
|1´ zζ|2`s
p1´ |ζ|2qs dApζq
˙q
νpzq dApzq
À
ż
D
ˆż
D
|gpζq|
pβpz, ζq ` 1qΓτ pz, ζq
|1´ zζ|2`s
p1´ |ζ|2qs dApζq
˙q
νpzq dApzq, g P H8.
Let s ą max ts0, 2 pβpωq ` βpνq ` 2αpνqqu, δ ă mint
τ
q
,
αpνq
q
u and K ą 1 to be fixed later.
Then applying (3.8), we get
}Hνf pgq}
q
L
q
ν
À
5ÿ
j“1
ż
D
˜ż
Ωjpzq
|gpζq|
Γτ pz, ζq dApζq
|1 ´ zζ|2`s´2δp1´ |ζ|2qδ´s
¸q
νpzq
p1´ |z|qqδ
dApzq
“
5ÿ
j“1
Ijpgq,
(5.1)
where
Ω1pzq “
"
ζ P D :
1
|1´ zζ|2
ď
2
maxt1´ |z|2, 1´ |ζ|2u
*
XDp0, |z|q,
Ω2pzq “
"
ζ P D :
1
|1´ zζ|2
ď
2
maxt1´ |z|2, 1´ |ζ|2u
*
X pDzDp0, |z|qq ,
Ω3pz,Kq “
"
ζ P D :
1´ |ζ|
K
ě
2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
*
,
Ω4pz,Kq “
"
ζ P D :
1´ |ζ|
K
ă
2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
ă 1
*
XDp0, |z|q,
Ω5pz,Kq “
"
ζ P D :
1´ |ζ|
K
ă
2|1 ´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
ă 1
*
X pDzDp0, |z|qq.
The quantities Ijpgq, j “ 1, . . . , 5, will be estimated separately.
Case I1pgq. By using the definition of Ω1pzq, and the fact that
pνpxq
p1´xqτ is essentially decreasing
on r0, 1q we deduce
Γτ pz, ζq À
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ 1
q
min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
ˆ
|1´ zζ|2
1´ |ζ|2
˙ 1
p
´ 1
q
ˆ
p1´ |z|qτpνpzq
˙ 1
q
, z P D, ζ P Ω1pzq.
Then the estimate
M1pr, fq ďMppr, fq À }f}Apωpωprq´ 1p , 0 ď r ă 1, f P HpDq, (5.2)
and Lemma 3(ii) yield
I1pgq À
ż
D
¨˝ż
Ω1pzq
|gpζq|
p1´ |ζ|qs´δ´
1
p
` 1
q
|1´ zζ|
2`s´2δ´2
´
1
p
´ 1
q
¯ dApζq‚˛q νpzqp1´ |z|qτ´δqpνpzq dApzq
À
ˆż
D
|gpζq|p1 ´ |ζ|q
s
2
´1 dApζq
˙q ż
D
νpzqp1 ´ |z|qτ´δqpνpzq dApzq
À }g}q
A
p
ω
˜ż 1
0
p1´ tq
s
2
´1
pωptq 1p dt
¸q
À }g}q
A
p
ω
ˆż 1
0
p1´ tq
s
2
´1´βpωq
p dt
˙q
À }g}q
A
p
ω
, g P H8.
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Case I2pgq. The definition of Ω2pzq and the monotonicity of
pνpxq
p1´xqτ imply
Γτ pz, ζq À
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ 1
q
min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
)1{q À ˆ |1´ zζ|21´ |ζ|2
˙ 1
p
´ 1
q
ˆ
p1´ |ζ|qτpνpζq
˙ 1
q
, z P D, ζ P Ω2pzq.
Therefore (5.2) and Lemmas A and B yield
I2pgq À
ż
D
¨˝ż
Ω2pzq
|gpζq|
p1´ |ζ|qs´δ´
1
p
` 1`τ
q
pνpζq 1q |1´ zζ|2`s´2δ´2´ 1p´ 1q ¯ dApζq‚˛
q
p1´ |z|q´δqνpzq dApzq
À
˜ż
D
|gpζq|
p1 ´ |ζ|q
s
2
´1` τ
q
pνpζq 1q dApζq
¸q ż 1
0
p1´ rq´δqνprq dr
À }g}q
A
p
ω
˜ż 1
0
p1´ rq
s
2
´1` τ
q
pωprq 1p pνpζq 1q dApζq
¸q ˆpνp0q ` ż 1
0
pνptq
p1´ tq1`qδ
dt
˙
À }g}q
A
p
ω
ˆż 1
0
p1´ tq
s
2
´1´βpωq
p
´βpνq´τ
q dt
˙q
À }g}q
A
p
ω
, g P H8.
Case I3pgq. To deal with I3pgq, note first that now 2K|1´ zζ|
2 ď p1´ |ζ|qmaxt1´ |z|2, 1´
|ζ|2u ď 2 pmaxt1´ |z|, 1´ |ζ|uq2 for all ζ P Ω3pz,Kq. Hence ζ P ∆pz,Rq for some R “ RpKq P
p0,8q if K ě 1 is sufficiently large. Fix such a K, and note that then pνpζq — pνpzq for all
ζ P Ωpz,Kq by Lemma A(ii). By using this and the fact that pωpxq
p1´xq
pτ
q
is essentially decreasing
on r0, 1q we deduce
Γτ pz, ζq À
ˆ
|1´ zζ|2
maxt1´ |z|2, 1´ |ζ|2u
˙ 1
p
´ 1
q pωpζq 1p
p1´ |ζ|q
τ
q
min
" pνpzq
p1´ |z|qτ
,
pνpζq
p1´ |ζ|qτ
*´ 1
q
—
p1´ |ζ|q
1
p
´ 1
q pωpζq 1ppνpζq 1q , z P D, ζ P Ω3pz,Kq,
and it follows that
I3pgq À
ż
D
¨˝ż
∆pz,Rq
´
|gpζq|pωpζq 1p¯ `1´ |ζ|2˘s´δ` 1p´ 2q dApζq
|1´ zζ|2`s´2δ
‚˛q νpzqp1 ´ |z|q1´qδpνpzq dApzq
—
ż
D
¨˝ż
∆pz,Rq
´
|gpζq|rωpζq 1p¯ `1´ |ζ|2˘s` 2p´ 2q dApζq
|1´ zζ|2`s
‚˛q νpzqp1 ´ |z|qpνpzq dApzq
—
ż
D
˜ż
∆pz,Rq
´
|gpζq|rωpζq 1p¯ `1´ |ζ|2˘s dApζq
|1´ zζ|
2`s´ 2
p
` 2
q
¸q
νpzqp1 ´ |z|qpνpzq dApzq
ď
ż
D
˜ż
D
´
|gpζq|rωpζq 1p¯ `1´ |ζ|2˘s dApζq
|1´ zζ|
2`s´ 2
p
` 2
q
¸q
νpzqp1 ´ |z|qpνpzq dApzq
“
››››Ss,s`2´1´ 1
p
` 1
q
¯ ´|g|rω 1p¯››››q
L
q
η
“
›››Sb,c ´|g|rω 1p¯›››q
L
q
η
, g P H8,
(5.3)
where ηpzq “ νpzqp1´|z|qpνpzq for all z P D. To apply Lemma 12 with σ ” 1, we must check that
its hypotheses are satisfied. To do this, first observe that η P D and pηprq — p1 ´ rq for all
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0 ď r ă 1 by Lemma 4. Henceż 1
r
p1´ tqc´2pηptq 1q dt —
ż 1
r
p1´ tq
s´ 2
p
` 1
q dt — p1´ rq
1`s´ 2
p
` 1
q —
p1´ rqc´1pηprq 1q , 0 ď r ă 1,
and, by Lemma 3(iii),ż r
0
ηptq
p1´ tq
cq
p
´1pηptq 1p1 dt —
ż r
0
νptq
pνptqp1´ tq qp´s`2´1´ 1p` 1q ¯¯´1´ 1p dt
À
1
p1´ rq
q
p
´
s`2
´
1´ 1
p
` 1
q
¯¯
´1´ 1
p
—
pηprq 1p
p1´ rq
cq
p
´1
, 0 ď r ă 1,
so the hypotheses of Lemma 12 are satisfied. Moreover,
p1´ rq
2`b´c` 1
q
´ 1
p
pηprq 1qpσprq 1p — 1, 0 ď r ă 1,
and consequently (5.3) and Lemmas 12 and 5 yield I3pgq À }g}
q
A
prω — }g}
q
A
p
ω
for all g P H8.
Case I4pgq. By using the definition of Ω4pz,Kq, Lemma A(ii) and the fact that
pνpxq
p1´xqτ is
essentially decreasing on r0, 1q, we deduce
Γτ pz, ζq À
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ 1
q pω ´1´ 2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
´
|1´zζ|2
1´|ζ|
¯ 1
p
´ 1
q pω ´1´ K2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
´
|1´zζ|2
1´|ζ|
¯ 1
p
´ 1
q
´
|1´zζ|
1´|ζ|
¯ 2βpωq
p pωpζq 1p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
|1´ zζ|
2βpωq
p
` 2
p
´ 2
q
p1´ |ζ|q
2βpωq
p
` 1
p
´ 1
q
pωpζq 1p
p1´ |ζ|q
τ
q
ˆ
p1´ |z|qτpνpzq
˙ 1
q
, z P D, ζ P Ω4pz,Kq.
Therefore
I4pgq À
ż
D
¨˝ż
D
´
|gpζq|rωpζq 1p¯ p1´ |ζ|qs´δ´ 2βpωqp ` 1q´ τq
|1´ zζ|2`s´2δ´
2βpωq
p
´ 2
p
` 2
q
dApζq‚˛q νpzqp1 ´ |z|qτ´δqpνpzq dApzq
“
›››Sb,c ´|g|rω 1p¯›››q
L
q
η
, g P H8,
(5.4)
where b “ s ´ δ ´ 2βpωq
p
` 1
q
´ τ
q
, c “ 2 ` s ´ 2δ ´ 2βpωq
p
´ 2
p
` 2
q
and ηpzq “ νpzqp1´|z|q
τ´δqpνpzq
for all z P D. We will appeal to Lemma 12 with σ ” 1. First observe that η P D andpηprq — p1´ rqτ´δq for all 0 ď r ă 1 by Lemma 4. Henceż 1
r
p1´ tqc´2pηptq 1q dt —
ż 1
r
p1´ tq
s´δ´ 2βpωq
p
´ τ
q
´ 2
p
` 2
q dt — p1´ rq
1`s´δ´ 2βpωq
p
´ τ
q
´ 2
p
` 2
q
—
p1´ rqc´1pηprq 1q , 0 ď r ă 1,
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and, by Lemma 3(iii),ż r
0
ηptq
p1´ tq
cq
p
´1pηptq 1p1 dt —
ż r
0
νptq
pνptqp1´ tq qp´2`s´2δ´ 2βpωqp ´ 2p` 2q ¯´1´ τ´qδp dt
À
1
p1´ rq
q
p
´
2`s´2δ´ 2βpωq
p
´ 2
p
` 2
q
¯
´1´ τ´qδ
p
—
pηprq 1p
p1´ rq
cq
p
´1
, 0 ď r ă 1,
so the hypotheses of Lemma 12 are satisfied. Moreover,
p1´ rq
2`b´c` 1
q
´ 1
p
pηprq 1qpσprq 1p — 1, 0 ď r ă 1,
and hence (5.4) and Lemmas 12 and 5 imply I4pgq À }g}
q
A
prω — }g}
q
A
p
ω
for all g P H8.
Case I5pgq. By using the definition of Ω5pz,Kq, Lemma A(ii) and the fact that
pνpxq
p1´xqτ is
essentially decreasing on r0, 1q we deduce
Γτ pz, ζq À
´
|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
´ 1
q pω ´1´ 2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
´
|1´zζ|2
1´|ζ|
¯ 1
p
´ 1
q pω ´1´ K2|1´zζ|2
maxt1´|z|2,1´|ζ|2u
¯ 1
p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
´
|1´zζ|2
1´|ζ|
¯ 1
p
´ 1
q
´
|1´zζ|
1´|ζ|2
¯ 2βpωq
p pωpζq 1p
p1´ |ζ|q
τ
q min
! pνpzq
p1´|z|qτ ,
pνpζq
p1´|ζ|qτ
) 1
q
À
ˆ
|1´ zζ|2
1´ |ζ|
˙ 1
p
´ 1
q
ˆ
|1´ zζ|
1´ |ζ|
˙ 2βpωq
p pωpζq 1ppνpζq 1q , z P D, ζ P Ω5pz,Kq.
Therefore Lemma A(ii) yields
I5pgq À
ż
D
¨˝ż
Ω5pz,Kq
´
|gpζq|rωpζq 1p¯ p1´ |ζ|qs´δ´ 2βpωqp ` 1qpνpζq 1q |1´ zζ|2`s´2δ´ 2βpωqp ´ 2p` 2q dApζq‚˛
q
νpzq dApzq
p1´ |z|qqδ
À
ż
D
¨˝ż
D
´
|gpζq|rωpζq 1p¯ p1´ |ζ|qs´δ´ 2βpωqp ` 1q´βpνqq
|1´ zζ|
2`s´2δ´ 2βpωq
p
´ 2
p
` 2
q
dApζq‚˛q νpzq dApzq
p1´ |z|qqδ´βpνqpνpzq 1q
“
›››Sb,c ´|g|rω 1p¯›››q
L
q
η
, g P H8,
(5.5)
where b “ s´ δ ´ 2βpωq
p
` 1
q
´ βpνq
q
, c “ 2` s´ 2δ ´ 2βpωq
p
´ 2
p
` 2
q
and ηpzq “ νpzqp1´|z|q
βpνq´δqpνpzq
for all z P D. Again we will appeal to Lemma 12 with σ ” 1. First observe that η P D andpηprq — p1´ rqβpνq´δq for all 0 ď r ă 1 by Lemma 4. Henceż 1
r
p1´ tqc´2pηptq 1q dt —
ż 1
r
p1´ tq
s´δ` 2βpωq
p
´ 2
p
` 2
q
´βpνq
q dt — p1´ rq
1`s´δ` 2βpωq
p
´ 2
p
` 2
q
´βpνq
q
—
p1´ rqc´1pηprq 1q , 0 ď r ă 1,
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and, by Lemma 3(iii),ż r
0
ηptq
p1´ tq
cq
p
´1pηptq1{p1 dt —
ż r
0
νptq
pνptqp1 ´ tq qp´2`s´2δ´ 2βpωqp ´ 2p` 2q¯´1´βpνq´qδp dt
À
1
p1´ rq
q
p
´
2`s´2δ´ 2βpωq
p
´ 2
p
` 2
q
¯
´1´βpνq´qδ
p
—
pηprq 1p
p1´ rq
cq
p
´1
, 0 ď r ă 1,
so the hypotheses of Lemma 12 are satisfied. Moreover,
p1´ rq
2`b´c` 1
q
´ 1
p
pηprq 1qpσprq 1p — 1, 0 ď r ă 1,
and hence (5.5) together with Lemmas 12 and 5 imply I5pgq À }g}
q
A
prω — }g}
q
A
p
ω
for all g P H8.
This finishes the proof of the proposition. 
In order to prove the necessity part of Theorem 1 some definitions are needed. For η ą ´1
and a radial weight ω, let bηz,ω “ B
η
z {}B
η
z }Apω for z P D, where B
η
z pζq “ p1 ´ z¯ζq´p2`ηq. For
each f P L1ν , define
gηz,ωpζq “
Pνpfb
η
z,ωqpζq
b
η
z,ωpζq
, ζ P D,
and note that gηz,ω is a well-defined analytic function in D because the standard Bergman
kernel bηz,ω has no zeros. If ν, ω are weights, η ą ´1 and 0 ă p, q ă 8, let us consider the
global mean oscillation
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}Lqν , z P D.
Proposition 15. Let 1 ă p ď q ă 8, f P Lqν, ω P pD, ν P Bq a radial weight and γpzq “
γω,ν,p,qpzq “
pνpzq 1q p1´|z|q 1qpωpzq 1p p1´|z|q 1p . If Hνf ,Hνf : Apω Ñ Lqν are bounded, then there exists η0 “ η0pν, ωq ą
´1 such that
sup
zPD
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}Lqν ď }H
ν
f }ApωÑLqν ` }Pη}LqνÑLqν
´
}Hνf }ApωÑLqν ` }H
ν
f
}ApωÑLqν
¯
.
for each η ě η0. Moreover, there exists r0 “ r0pνq ą 0 such that for each fixed r ě r0 and
η ě η0,
sup
zPD
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}Lqν Á sup
zPD
γpzq
˜
1
νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ gηz,ωpzq|
qνpζq dApζq
¸ 1
q
.
Proof. The definition of the Hankel operator along with triangle inequality gives
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}Lqν ď }H
ν
f pb
η
z,ωq}Lqν ` }Pνpfb
η
z,ωq ´ g
η
z,ωpzqb
η
z,ω}Lqν
ď }Hνf }ApωÑLqν }b
η
z,ω}Apω ` }Pνpfb
η
z,ωq ´ g
η
z,ωpzqb
η
z,ω}Lqν
“ }Hνf }ApωÑLqν ` }Pνpfb
η
z,ωq ´ g
η
z,ωpzqb
η
z,ω}Lqν .
If g P A1η, then the reproducing formula for the standard weighted Bergman projection yields
gpzqbηz,ω “ Pηpgb
η
z,ωq. Since ν P Bq is radial and f P L
q
ν , we have ν P D and Pνpfb
η
zq P A
q
ν by
Proposition 6. Therefore gηz P A
q
ν for all z P D. Moreover, A
q
ν Ă A
q
η Ă A1η if η ą
βpνq
q
´ 1 by
Lemma A(ii). It follows that
}Pνpfb
η
z,ωq´g
η
z,ωpzqb
η
z,ω}Lqν “ }Pνpfb
η
z,ωq´Pηpg
η
z,ωb
η
z,ωq}Lqν “ }PηpPνpfb
η
z,ωq´g
η
z,ωb
η
z,ωq}Lqν , z P D.
By [5], there exists η1 “ η1pνq ą
βpνq
q
´ 1 such that Pη : L
q
ν Ñ L
q
ν is bounded if η ě η1.
Therefore
}Pνpfb
η
z,ωq ´ g
η
z,ωpzqb
η
z,ω}Lqν ď }Pη}LqνÑLqν}Pνpfb
η
z,ωq ´ g
η
z,ωb
η
z,ω}Lqν , z P D, η ě η1.
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The triangle inequality yields
}Pνpfb
η
z,ωq ´ g
η
z,ωb
η
z,ω}Lqν ď }fb
η
z,ω ´ Pνpfb
η
z,ωq}Lqν ` }fb
η
z,ω ´ g
η
z,ωb
η
z,ω}Lqν
“ }Hνf pb
η
z,ωq}Lqν ` }fb
η
z,ω ´ g
η
z,ωb
η
z,ω}Lqν
ď }Hνf }ApωÑLqν}b
η
z,ω}Apω ` }fb
η
z,ω ´ Pνpfb
η
z,ωq}Lqν
“ }Hνf }ApωÑLqν ` }H
ν
f
pbηz,ωq}Lqν ď }H
ν
f }ApωÑLqν ` }H
ν
f
}ApωÑLqν .
By combining the above estimates we deduce
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}Lqν ď }H
ν
f }ApωÑLqν ` }Pη}LqνÑLqν
´
}Hνf }ApωÑLqν ` }H
ν
f
}ApωÑLqν
¯
,
for any η ě η1pνq.
To see the second one, first observe that [17, Corollary 2] and Lemma A(ii) give
}Bηz }
p
A
p
ω
—
ż |z|
0
pωptq
p1´ tqpp2`ηq
dt À
pωp|z|q
p1´ |z|qβpωq
ż |z|
0
1
p1´ tqpp2`ηq´βpωq
dt
—
pωpzq
p1´ |z|qpp2`ηq´1
, |z| Ñ 1´,
provided η ą βpωq`1
p
´2. Moreover, by (3.6) there exists r0 “ r0pνq ą 0 such that p1´|z|qpνpzq —
νp∆pz, r0qq for any r ě r0. Hence, for each r ě r0 we have
}fbηz,ω ´ g
η
z,ωpzqb
η
z,ω}
q
L
q
ν
ě
ż
∆pz,rq
|fpζq ´ gηz,ωpzq|
q|bηzpζq|
qνpζq dApζq
—
1
}Bηz }
q
A
p
ω
p1´ |z|qqp2`ηq
ż
∆pz,rq
|fpζq ´ gηz,ωpzq|
qνpζq dApζq
—
1pωpzq qp p1´ |z|q qp
ż
∆pz,rq
|fpζq ´ gηz,ωpzq|
qνpζq dApζq,
—
pνpzqp1 ´ |z|qpωpzq qp p1´ |z|q qp 1νp∆pz, rqq
ż
∆pz,rq
|fpζq ´ gηz,ωpzq|
qνpζqdApζq.
The second claim for η0 “ maxtη1,
βpωq`1
p
´ 2u is now proved. 
Proof of of Theorem 1. If Hνf ,H
ν
f
: Apω Ñ L
q
ν are bounded, then f P BMOp∆q by Proposi-
tion 15 and Theorem 11.
Conversely, let f P BMOp∆q. Then f can be decomposed as f “ f1 ` f2, where f1 P
BAp∆q and f2 P BOp∆q, by Theorem 11(ii). Proposition 14 shows that H
ν
f2
,Hν
f2
: Apω Ñ L
q
ν
are bounded. Moreover, since ν P Bq is radial, ν P D and Pν : L
q
ν Ñ L
q
ν is bounded by
Proposition 6. Therefore Lemma 10 yields
}Hνf1pgq}
q
L
q
ν
ď }f1g}Lqν ` }Pνpf1gq}Lqν À }f1g}Lqν À }g}Apω g P H
8.
It follows that Hνf ,H
ν
f
: Apω Ñ L
q
ν are bounded. l
6. Anti-analytic symbols
Recall that the space Bdγ consists of f P HpDq such that
}f}Bdγ “ sup
zPD
|f 1pzq|p1 ´ |z|qγpzq ` |fp0q| ă 8,
where γpzq “ pνpzq 1q p1´|z|q 1qpωpzq 1p p1´|z|q 1p for all z P D.
Proposition 16. Let 1 ă p ď q ă 8, ω, ν P D and r ě r0, where r0 “ r0pνq ą 0 is that of
Theorem 11(i). Then BMOp∆q XHpDq “ BMOp∆qω,ν,p,q,r XHpDq “ Bdγ .
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Proof. Let first f P Bdγ . By Theorem 11(iv) to deduce f P BMOp∆q it is enough to prove
sup
zPD
p1´ |z|qc`1γpzqqpνpzq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ
|1´ zζ|2`c`σ
νpζq dApζq ă 8
for some σ ą 0 and
c ą 2
q
p
pβpωq ` 1q ` σ `max t2βpνq, γpνqu . (6.1)
Since f P HpDq, the function pfpζq ´ fpzqqp1´ ζzq´
2`c`σ
q is an analytic function in ζ for each
z P D. Therefore Lemma 5 shows that (6.2) is equivalent to
sup
zPD
p1´ |z|qc`1γpzqqpνpzq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
pνpζq dApζq ă 8. (6.2)
Further, Lemma A(ii) yields
p1´ |z|qc`1γpzqqpνpzq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
pνpζq dApζq
À p1´ |z|qc`1γpzqq
ż
DzDp0,|z|q
|fpζq ´ fpzq|q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
dApζq
` p1´ |z|qc`1´βpνqγpzqq
ż
Dp0,|z|q
|fpζq ´ fpzq|q
p1´ |ζ|2qσ`βpνq´1
|1´ zζ|2`c`σ
dApζq
ď p1´ |z|qc`1γpzqq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
dApζq
` p1´ |z|qc`1´βpνqγpzqq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ`βpνq´1
|1´ zζ|2`c`σ
dApζq
“ I1pzq ` I2pzq, z P D.
Fix σ ą max
!
0, 1´ q
p
p1` αpωqq ` qβpνq
)
and c satisfying (6.1). Then
c ą max
"
βpνq ´ 1,´2` βpνq `
q
p
p1` βpωqq ´ qαpνq
*
.
Therefore, [12, Lemma 7] together with Lemmas A(ii) and B gives
I1pzq À p1´ |z|q
c`1γpzqq
ż
D
|f 1pζq|q
p1´ |ζ|2qσ`q´1
|1´ zζ|2`c`σ
dApζq
À }f}q
Bdγ
p1´ |z|qc`1γpzqq
ż
D
γpζq´q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
dApζq
— }f}q
Bdγ
p1´ |z|qc`1γpzqq
ż 1
0
pωpsq qppνpsq p1´ sq
q
p
`σ´2
p1´ s|z|q1`σ`c
ds
À }f}q
Bdγ
p1´ |z|qc`1γpzqq
pωpzq qp p1´ |z|qαpνq
p1´ |z|q
q
p
βpωqpνpzq
ż |z|
0
ds
p1´ sq
3`c´ q
p
´ q
p
βpωq`αpνq
` }f}q
Bdγ
p1´ |z|q´σγpzqq
pωpzq qp p1´ |z|qβpνq
p1´ |z|q
q
p
αpωqpνpzq
ż 1
|z|
p1´ sq
q
p
`σ´2` q
p
αpωq´βpνq
ds
À }f}q
Bdγ
p1´ |z|q´1`
q
pγpzqq
pωpzq qppνpzq — }f}qBdγ ă 8, z P D,
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and
I2pzq À p1´ |z|q
c`1´βpνqγpzqq
ż
D
|f 1pζq|q
p1´ |ζ|2qσ`βpνq`q´1
|1´ zζ|2`c`σ
dApζq
À }f}q
Bdγ
p1´ |z|qc`1´βpνqγpzqq
ż
D
γpζq´q
p1´ |ζ|2qβpνq`σ´1
|1´ zζ|2`c`σ
dApζq
— }f}q
Bdγ
p1´ |z|qc`1´βpνqγpzqq
ż 1
0
pωpsq qppνpsq p1´ sqβpνq`
q
p
`σ´2
p1´ s|z|q1`σ`c
ds
À }f}q
Bdγ
p1´ |z|qc`1´βpνqγpzqq
pωpzq qp p1´ |z|qαpνq
p1´ |z|q
q
p
βpωqpνpzqq
ż |z|
0
ds
p1´ sq
3`c´βpνq´ q
p
´ q
p
βpωq`αpνq
` }f}q
Bdγ
p1´ |z|q´σ´βpνqγpzqq
pωpzq qp p1´ |z|qβpνq
p1´ |z|q
q
p
αpωqpνpzq
ż 1
|z|
p1´ sqβpνq`
q
p
`σ´2` q
p
αpωq´βpνq
ds
À }f}q
Bdγ
p1´ |z|q´1`
q
pγpzqq
pωpzq qppνpzqq — }f}qBdγ ă 8, z P D.
By combining these estimates we deduce f P BMOp∆q, and thus Bdγ Ă HpDq X BMOp∆q.
Assume now that f P HpDq X BMOp∆q. Then (6.2) holds for some σ ą 1 and c satisfying
(6.1). Therefore (3.6) implies
8 ą sup
p1´ |z|qc`1γpzqqpνpzq
ż
D
|fpζq ´ fpzq|q
p1´ |ζ|2qσ´1
|1´ zζ|2`c`σ
pνpζqdApζq
Á
γpzqq
p1´ |z|q2pνpzq
ż
∆pz,rq
|fpζq ´ fpzq|qpνpζq dApζq
—
γpzqq
|∆pz, rq|
ż
∆pz,rq
|fpζq ´ fpzq|q dApζq, z P D.
By arguing as in [13, 1653–1654] we deduce HpDq X BMOp∆q Ă Bdγ . 
The space Bdγ consists of constant functions only if lim sup|z|Ñ1´pp1 ´ |z|qγp|z|qq
´1 “ 0.
Moreover, Bdγ is a subset of the disc algebra if pp1 ´ xqγpxqq
´1 P L1p0, 1q, and Bdγ coincides
with a Bloch-type space if γ is decreasing.
Proof of of Theorem 2. Since f P A1ν , the operator H
ν
f
is densely defined. If Hν
f
: Apω Ñ L
q
ν
is bounded, choosing g ” 1 it follows that f P Aqν , and therefore f P Bdγ by Theorem 1 and
Proposition 16.
Conversely, assume f P Bdγ . Since ν P Bq is radial, Proposition 6 implies ν P D. Therefore
Lemmas A(ii) and B yield
}f}q
A
q
ν
À
ż
D
˜ż |z|
0
ˇˇˇˇ
f 1
ˆ
s
z
|z|
˙ˇˇˇˇ
ds
¸q
νpzq dApzq ` |fp0q|q
À }f}q
Bdγ
ˆ
1`
ż 1
0
ˆż t
0
ds
p1´ sqγpsq
˙q
νptq dt
˙
À }f}q
Bdγ
˜
1`
ż 1
0
˜ż t
0
pωpsq 1ppνpsq 1q p1´ sq1` 1q´ 1p ds
¸q
νptq dt
¸
À }f}q
Bdγ
˜
1`
ż 1
0
pωptq qppνptqp1 ´ tq qαpωqp ´βpνq
˜ż t
0
ds
p1´ sq1`
1`βpνq
q
´ 1`αpωq
p
¸q
νptq dt
¸
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for all f P HpDq. If 1`βpνq
q
´ 1`αpωq
p
ą 0, Lemma 3(ii) gives
}f}q
A
q
ν
À }f}q
Bdγ
˜
1`
ż 1
0
pωptq qp p1´ tq qp´1pνptq νptq dt
¸
À }f}q
Bdγ
ˆ
1` pωp0q qp´1 ż 1
0
pωptqνptqpνptq dt
˙
À }f}q
Bdγ
.
If 1`βpνq
q
´ 1`αpωq
p
“ 0, then Lemmas B and 3(ii) yield
}f}q
A
q
ν
À }f}q
Bdγ
˜
1`
ż 1
0
pωptq qp p1´ tq qp´1pνptq log e1´ tνptq dt
¸
À }f}q
Bdγ
pωp0q qp ż 1
0
p1´ tq
αpωq q
p
` q
p
´1pνptq log e1´ tνptq dt
À }f}q
Bdγ
ż 1
0
p1´ tqαpωq
q
2p
` q
p
´1pνptq νptq dt À }f}qBdγ .
Finally, if 1`βpνq
q
´ 1`αpωq
p
ă 0, then Lemma 3(ii) gives
}f}q
A
q
ν
À }f}q
Bdγ
˜
1`
ż 1
0
pωptq qp p1´ tq qp´1pνptq νptq dt
¸
À }f}q
Bdγ
.
Therefore f P Aqν , and thus Bdγ Ă A
q
ν . This together with Theorem 1 and Proposition 16
finishes the proof. l
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